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My research is in geometric group theory, with a focus on random groups
and cube complexes. My work uses tools and techniques developed by Gro-
mov, Mackay, Ollivier, Przytycki, Sageev, and Wise, among others.

The study of random groups is one way to answer the question, “What
does a ‘typical’ group look like?” A random group in the Gromov density
model is given by a presentation

G = G(n, d, `) = 〈S|R〉,

where S is a set of size n ≥ 2, d ∈ [0, 1], ` a (large) positive integer, and R a
collection of (2n− 1)d` cyclically reduced words of length ` on the alphabet
S ∪ S−1. The value d is called the density of the group, and it controls the
proportion of relators taken from the set of all cyclically reduced words of
length `. Random groups in this model satisfy a property with overwhelming
probability (w.o.p.) if the probability of satisfying that property goes to 1
as ` approaches infinity.

Results of Gromov [Gro93] and Ollivier [Oll04] show that w.o.p. at density
d < 1/2 a random group is infinite, torsion-free hyperbolic with contractible
Cayley complex. On the other hand, for density d > 1/2 a random group is
w.o.p. trivial or Z/2Z. Similarly, random groups often exhibit a phase shift
from satisfying a property with probability 1 to satisfying it with probability
0 (see Figure 1).

One particularly nice property of groups is cubulation; in this paper, a
group G is cubulated if it admits a non-trivial cocompact action by isometries
on a CAT(0) cube complex. Note that here I am not assuming the action
is proper. As a key step in the proof of the Virtual Haken Theorem, Agol
[Ago13] showed that if a cubulated group G is hyperbolic and the action is

Figure 1. This chart shows densities at which a group is
known to satisfy a property w.o.p, or fail to satisfy a property
w.o.p.
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proper, then G is virtually special. This implies that G is residually finite
and a-T-menable, among other desirable properties. Even when the action
is not proper, a cubulated group does not satisfy Property (T).

Work of Ollivier-Wise [OW11] and Mackay-Przytycki [MP15] has shown
that w.o.p. random groups are cubulated at density d < 1/5 and d < 5/24,

respectively. On the other hand, work of Żuk [Ż03] and Kotowski-Kotowski
[KK13] has shown that w.o.p. a random group at density d > 1/3 satisfies
Property (T). This raises the following question:

Question 1. Is there a density below which w.o.p. a random group is cubu-
lated, and above which w.o.p. a random group satisfies Property (T)?

My research aims to answer this. In my thesis, I prove the following
theorem:

Theorem 1. At density d < 3/14, w.o.p. a random group is cubulated.

I also provide a framework that can plausibly be extended to show the
following:

Conjecture 1. The same holds for any density d < 1/4.

In the following, I will describe my work in more detail and outline future
research projects which build on that work.

1. Background and Current Work

Ollivier-Wise showed that a random group G at density d < 1/5 is w.o.p.
cubulated. They construct a CAT(0) cube complex by the method of Sageev
[Sag95] on which G acts. Hyperplanes in the cube complex correspond to
walls in the Cayley complex X of G. A wall is an immersed graph with
vertices given by edge midpoints in X and edges connecting vertices which
are antipodal in a 2-cell of X (see Figure 2.). Ollivier-Wise prove that these
walls are w.o.p. quasi-convex embedded trees which separate X essentially.
They also prove that for density d < 1/6, the action of G on the constructed
cube complex is proper. However, for densities above 1/5 this construction
fails to produce embedded trees.

Mackay-Przytycki used a more subtle construction to build walls. Rather
than building walls one 2-cell at a time, they consider small pockets of (com-
binatorial) positive curvature. These small positively curved 2-complexes in
X are called tiles, and they are bounded in size depending on the density
d. Tiles are built inductively, beginning with single 2-cells and forming new
tiles as the union of two subtiles, subject to certain maximality conditions.
Whenever two tiles are glued along a long path, the walls which pass through
the outer edges of that path become sharply bent. In particular, the end-
points of this wall may become close. In this situation, another tile glued in
such a way that it intersects both endpoints of the wall could result in a self-
intersection (see Figure 3). Mackay-Przytycki resolved this issue by bending
walls which pass through these ‘danger zones’ just enough so that endpoints
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Figure 2. Pairs of antipodal edge mid-points correspond to
an edge in each wall.

Figure 3. An antipodal wall after gluing along a long path
can produce a self-intersection.

are not too close together. A wall which satisfies this property is called bal-
anced. They then showed that this is sufficient; in other words, walls in X
obtained by concatenating balanced walls are quasi-convex embedded trees
which separate X essentially. However, their method only works when tiles
have size at most 4, because the intersection of two subtiles is either a path
or a tripod.

As the density approaches 1/4, the potential size of a tile goes to infinity.
Thus, extending the work of Mackay-Przytycki requires dealing with two
sources of combinatorial complexity, both due to the increased size of tiles:
(1) increased complexity of the intersection of two tiles, and (2) increased
complexity of the internal geometry of each tile.

Because tiles may overlap and share 2-cells, it is not obvious how to
modify walls consistently. I found a construction which builds tiles and walls
inductively, and which terminates after a finite number of steps. For tiles
which are sufficiently small, this construction aligns with the construction
of Mackay-Przytycki.

Due to the first complication, when tiles are large the intersection of two
tiles can become an arbitrarily complicated tree. It is not obvious how
to generalize the method of Mackay-Przytycki to unbend walls when the
intersection is not a path. To resolve this, I classified the intersection of
two adjacent tiles as either long or round, a condition determined by the
relationship between diameter and total size of the intersection. When the
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intersection is round, gluing walls by concatenation does not result in any
sharply bent walls. More precisely, we have the following result:

Key Lemma 1. If the intersection of two tiles which do not share 2-cells
is round, then the walls resulting from concatenation are balanced.

On the other hand, if the intersection of two tiles is long, then there exist
well-defined regions through which any bent wall must pass. We can then
adjust tile walls prior to gluing so that the resulting walls are less bent
using a swapping algorithm inspired by Mackay-Przytycki. The process
assigning walls to tiles, as described in my thesis, is applicable to any tile
regardless of size, and is consistent when tiles share 2-cells. This resolves the
first complication (e.g. complexity of tile intersections). Due to the second
complication (e.g. the internal complexity of each tile), I am restricted to
the following result:

Theorem 2. If T, T ′ are adjacent tiles which do not share two cells, and
have size at most 3, there exists an assignment of balanced walls on T ∪ T ′.

The proof relies on enumerating and checking several cases based on the
way that the tile wall lies in T ∪T ′. Of the seven cases, only two have proofs
that depend on the size of the tiles. Additionally, showing that my method
produces balanced walls amounts to solving a linear programming problem,
with constraints given by maximality conditions in the construction and
geometric restrictions due to the density. I have written a program which
verifies that these walls are balanced in the case that the tiles are of size at
most 5.

On the other hand, I have shown that for my construction of tiles the
following result holds:

Theorem 3. Given a balanced wall assignment on each tile, each connected
component of the concatenation of these walls is an embedded tree.

The proof of this is essentially a local-to-global argument, using the bal-
ance of a tile as a combinatorial proxy for local geodesicity.

I then show that these embedded trees separate X essentially, and by the
method of Sageev I obtain the following result:

Theorem 4. At density d < 3/14, w.o.p. a random group is cubulated.

It is worth mentioning here that this proof of Theorem 3 does not de-
pend on the size of the tiles. Thus showing that w.o.p. random groups at
any density d < 1/4 reduces to understanding the problems created by the
increasing complexity in the internal structure of a tile.

2. Future Work

2.1. Key density for cubulation. Random groups at density d′ are w.o.p.
quotients of random groups at density d. Therefore the probability of being
cubulated is decreasing as the density increases. This raises the following
question:
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Question 2. Is 1/4 a maximal density at which random groups are w.o.p.
cubulated?

My work so far has shown that this density must be at least 3/14, and the
method introduced in my thesis will allow for tiles of any size, and therefore
extend to any density < 1/4. It should be noted here that 1/4 is a natural
bound for this method for several reasons, most important of which is that
tiles at densities above 1/4 need not be finite. To prove my method applies
to any density < 1/4, one only needs to show that the walls produced in my
construction are balanced, regardless of tile size. This reduces to verifying
the result in the case that a midpoint of the wall lies in the intersection of
the constituent tiles. Partial results in this direction show that the proof
will involve considering the inductive structure of each tile.

For any density d < 1/4, this is a finite problem. One way to verify
that walls are balanced up to density d < N

4(N+1) is by computer program.

Certifying that walls are balanced in each tile amounts to solving a linear
programming problem where constraints are given by maximality conditions
in the construction and geometric requirements depending on the density.
The technical challenge is to write a program which enumerates the possible
ways that two tiles can intersect while respecting the condition that the
intersection must be a connected tree.

2.2. Cubulation and Property (T). This raises the question of whether
or not 1/4 is a sharp bound, above which random groups are w.o.p. not
cubulated. One way to show that 1/4 is a sharp bound on density for
cubulation involves showing that random groups at density d > 1/4 satisfy
Property (T). Odrzygóźdź [Odr] has shown that there must exist a sharp
bound for Property (T) using the fact that Property (T) is preserved by
quotients and a counting argument. Currently the only known lower bound
for Property (T) is 1/3. This was shown by work of Żuk and Kotowski-
Kotowski, who passed from the triangular model of random groups to the
density model. There is no reason to believe that this is a sharp bound.

Question 3. Do random groups at density d > 1/4 w.o.p. satisfy Property
(T)?

One way to approach this problem is to consider bounds for Property
(T) in related models of random groups. The n-gonal model of a random
group takes relators of length n and considers properties that hold with
probability 1 as the number of generators goes to infinity. As n approaches
infinity, these models approximate the Gromov density model. Recent work
of Duong [Duo17] and Odrzygóźdź [Odr19] has shown that 1/3 is a sharp
bound for Property (T) in the hexagonal model and 3/8 is a lower bound in
the square model.

Further investigation into these models is interesting in its own right, and
raises the following related question:
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Question 4. What are key densities for cubulation and Property (T) in the
n-gonal model of random groups?

2.3. Proper actions on CAT(0) cube complexes. Agol showed that
hyperbolic groups which act properly on a CAT(0) cube complex are virtu-
ally special, and therefore residually finite and a-T-menable. This raises the
obvious question:

Question 5. Do random groups at density d < 1/4 act properly on a
CAT(0) cube complex?

Recent work of Groves-Manning [GM18] shows that a non-proper action
on a CAT(0) cube complex can be promoted to a proper action (possibly on
a different CAT(0) cube complex) under the condition that cell stabilizers
are virtually special. In her thesis, Duong [Duo17] used this to show that
random groups in the square model are not only cubulated, but that the
action can be taken to be proper. Perhaps a similar argument applies to the
Gromov density model as well.

Answering this in the affirmative would also affirmatively answer the fol-
lowing question:

Question 6. Are random groups at density d < 1/4 residually finite and
a-T-menable?

3. Research with Undergraduates

I have acted as a mentor to seven undergraduates, through the Univer-
sity of Chicago math department’s Directed Reading Program (DRP) and
Research Experience for Undergraduates (REU). In both of these programs,
undergraduates spend a term studying a new topic, chosen in collaboration
between mentor and mentee. At the end of the term, they either write an
expository paper (REU) or give a fifteen-minute presentation to their peers
(DRP). The projects I supervised were expository topics in geometry and
geometric group theory:

• Charlotte Rieder: Finitely generating the mapping class groups with
Dehn twists
• Mary Stelow: Hamiltonicity in Cayley graphs and digraphs of finite

abelian groups
• Can Liu: Ramsey theory
• Emily Gentles: Simple random walks
• Xingyu Wang: Random Groups and Hyperbolicity
• Eric Silva: Riemannian geometry and the Gauss-Bonnet Theorem
• Eric Silva: Solving the word problem in hyperbolic groups
• Jake Koenig: Generating the mapping class group with Dehn twists

In addition to guiding a reading project, I am also interested in mentoring
undergraduates who are ready to pursue an individual research project. I
have three topics that could be interesting for an undergraduate to pursue,
described below.

http://math.uchicago.edu/~may/REU2017/REUPapers/Rieder.pdf
http://math.uchicago.edu/~may/REU2017/REUPapers/Rieder.pdf
http://math.uchicago.edu/~may/REU2017/REUPapers/Stelow.pdf
http://math.uchicago.edu/~may/REU2017/REUPapers/Stelow.pdf
http://math.uchicago.edu/~may/REU2016/REUPapers/Liu,C.pdf
http://math.uchicago.edu/~may/REU2016/REUPapers/Gentles.pdf
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3.1. Cubulation of Random Groups. As described above, my research
interests lie in determining whether or not random groups in the Gromov
density model are cubulated, and if so whether their action on a CAT(0)
cube complex can be shown to be proper. Some of this research can be
completed by an undergraduate, especially one who is adept with coding.

For any density d < N
4(N+1) , proving that my construction produces a

balanced wall structure boils down to answering a finite linear programming
question. Indeed, to run a computer program answering this requires only
that one enumerate all of the possible ways of gluing two tiles together.
Since tiles are bounded in size, this is a finite set of gluings. Then, for each
such gluing one needs to run a linear programming algorithm which certifies
that the resulting tile is balanced.

I have done this in the case that both tiles being glued are of size at most
3. An undergraduate who has coding experience, and some familiarity with
combinatorics, would be able to create and run a similar algorithm. This
would prove that tiles of size N are balanced, and thus that random groups
at density d < N

4(N+1) are w.o.p. cubulated.

It should be noted here that this would not show that random groups at
density d < 1/4 are w.o.p. cubulated, since the size of the tile approaches
infinity as d approaches 1/4.

3.2. Hamiltonian Paths and Cycles. Graph theory is a common area of
undergraduate research because it has a ‘low floor, high ceiling,’ meaning
that with relatively little study one can begin to ask, and answer, deep
questions.

One question which interests me is quantifying the difference between
admitting a Hamiltonian path and a Hamiltonian cycle. A Hamiltonian
path in a finite graph is a (not-necessarily closed) path which touches each
vertex exactly once. A Hamiltonian cycle is a Hamiltonian path with an
extra edge which connects the endpoints of a Hamiltonian path and is not
already in the path.

Several sufficient conditions for admitting Hamiltonian paths and cycles
are known (c.f. [Fle76]). However, I am unfamiliar with any research into
identifying when graphs admit Hamiltonian paths but not cycles, and in
particular into questions that attempt to quantify that distinction.

For example, the complete graph on two vertices, K2, is interesting be-
cause although there is a Hamiltonian path starting at each vertex, there is
no Hamiltonian cycle. I am unaware of any other graphs with this property.

Question 7. Do there exists graphs other than K2 such that for every vertex,
there exists a Hamiltonian path starting at that vertex, but do not admit a
Hamiltonian cycle?

There are many well-known classes of graphs, including cycles, wheel
graphs, complete graphs, and so on. An undergraduate could begin to an-
swer this question by focusing on one such category.
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If the answer to Question 7 is yes, then an interesting extension question
is the following:

Question 8. Let G be a graph with N vertices. Is there a number c ∈ [0, 1]
so that if c ·N of the vertices in G are the starting vertex of a Hamiltonian
path, then G must admit a Hamiltonian cycle?

3.3. Multi-Crossing Projections of Knots. As an undergraduate, I de-
veloped the petaluma model of knots [ACD+15], extending work of Colin
Adams on multi-crossing projections of knots (c.f. [ADA13]). This work
has subsequently been used as the basis for modeling random knots (c.f.
[EZHLN16]), but several interesting questions about the model remain open.

In this model, instead of projecting a knot onto a plane so that every
crossing is made of two transverse line segments, we instead choose a pro-
jection with a single crossing which is made of n ≥ 2 line segments, all of
which cross the singular point directly. The result is a projection which
looks like a flower (hence the name petaluma). Each knot can be identified
with an element of the symmetric group on n letters, Sn.

We proved several results about the crossing number and stick number
of such projections for specific families of knots. However, many questions
remain unsolved:

Question 9. Which elements of Sn correspond to the trivial knot? What is
the algebraic structure of this set?

In particular, it would be interesting to know if this is a subgroup of Sn.

Question 10. Do there exist a finite set of ‘Reidemeister-type moves’ which
can take any projection of the trivial knot to the unknot?

Undergraduates could approach these problems by looking at special
cases, such as considering only transpositions in Sn.
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